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young researchers to carefully examine the claims of published pa-
pers and veteran researchers to review submitted papers more rig-
orously.
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Reply by the Author to
Dewey H. Hodges

C. L. Ko*
Oakland University, Rochester, Michigan 48309-4401

IWOULD like to thank Hodges for his comments on my work,
which was presented in Refs. 1 and 2. Hodges considered four

items relating to these analyses to be significant errors and indi-
cated that these papers should not have been published. Therefore,
I would like to discuss these four issues from a different point of
view.

Centrifugal Stiffening Effect
Hodges indicated that governing equations derived in Refs. 1

and 2 were in serious error because the centrifugal stiffening term
was absent from those equations. His argument was primarily
based on the assumption that the governing equation [Eq. (1) of
Hodges' Comment] for a rotating homogeneous beam found in
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many textbooks, such as Refs. 3 and 4, was absolutely correct. In
fact, this particular equation was derived by using the assumption of
zero axial deformation and by using a free body of a beam element
which was deformed into an arbitrarily sheared element without
rotation and curvature as shown in Fig. 9.2 of Ref. 3. Since the
bending-curvature relationship used for this derivation was based
on Euler-Bernoulli's beam theory, using an arbitrarily sheared el-
ement as the free body was actually incorrect because it violated
the basic assumption of the theory. As was stated and discussed
by Fletcher,5 the theory assumes that "sections initially planar and
perpendicular to the neutral axis remain planar and perpendicu-
lar to the deformed neutral axis." A beam element which is con-
sistent with this assumption can only be deformed into a circular
differential section with curvature and with rotation but without
shear strains. If one uses such an element as the free body to de-
rive equilibrium conditions, governing equations for both the axial.
and the transverse vibrations will become nonlinear. In addition,
terms due to the gravitational force and the static displacement
will appear in these equations. Furthermore, the governing equa-
tions for the steady-state behavior also will be nonlinear. These
complex results also will happen to governing equations for the
vibration of nonrotating beams if the same free body is used for
the derivation. If both the steady-state and the dynamic nonlin-
ear equations are linearized, the linearization process will imply
that both the angle of rotation and the curvature of the element
should be neglected. If these two entities are specified to be zero,
this deformed beam element will reduce to the same nondeformed
free body as those widely utilized in linear mechanics, especially
those used for deriving governing equations of nonrotating beams.
The linear governing equations for the vibration of rotating beams
derived in Refs. 1 and 2 actually are consistent with those de-
rived by applying Newton's mechanics to such a nondeformed free
body.

It can be shown that results reported in Ref. 2 were consistent
with those obtained by solving governing equations derived by ap-
plying Newton's mechanics to a nondeformed free body. The natu-
ral frequencies of the beam decrease with increasing rotating speeds
for both the axial and the transverse vibrations. If one uses a free
body which is consistent with assumptions of Euler-Bernoulli's
beam theory and linearizes all governing equations by invoking
conflicting assumptions as suggested by Hodges, one can show that
the natural frequencies for both the axial and the transverse vibra-
tions are coupled. In addition, frequencies of these coupled modes
dominated by the axial vibration can be determined to decrease
with increasing rotating speeds. For those modes dominated by the
transverse vibration, natural frequencies can be shown to increase
with increasing rotating speeds; however, this phenomenon is pri-
marily due to retaining those linear terms which were assumed to
be negligibly small in the linearization process. Reference 2 was
intended to report results based on a rational analysis consistent
with the classical beam theory. If experimental results indicate a
completely different behavior for a rotating beam, these results can
mean that the classical beam theory is not accurate enough for an-
alyzing the vibration problem of a rotating beam. Regarding the
invocation of conflicting assumptions in linearizing the nonlinear
equations or using a deformed shape not consistent with the basic
assumptions of the classical beam theory as the free body in order
to predict experimental results, these approaches can be more irra-
tional mathematically than using the classical linear beam theory.
The proper method for this problem might be to solve the complete
nonlinear differential equations, such as those derived by using a
deformed element with curvature and rotation. However, it is also
well known that the nonlinear response of a vibrating structure can
be completely different in nature from its linear oscillatory behav-
ior. The major difference lies in the dependency of the natural fre-
quencies on the amplitude of the structure undergoing the nonlinear
vibration.

Hodges indicated that there were three proper ways to solve the
vibration of rotating beams. In fact, I have found all three methods
involve invoking irrational assumptions in their analyses. Therefore,
I would like to describe my view of each approach in the same order
as they appeared in Hodges' Comment.
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1) The approach in Ref. 6 used the linear moment-curvature
relationship but included geometrically nonlinear terms in the
strain-displacement relationships. The linear moment-curvature
relationship is actually based on the linear strain-displa.cement
relationships and the small-deflection theory. Using the nonlin-
ear strain-displacement relationships actually implies the beam is
subjected to large deformation. Therefore, the linear expression
of curvature and the linear moment-curvature relationship become
invalid. In addition, it can be shown that the order of the differ-
ential equations for describing the coupled axial and transverse
vibration will increase if nonlinear strain-displacement relationships
are used. Consequently, solutions of these differential equations
cannot be obtained due to the problem of having an insufficient
number of boundary conditions. Furthermore, neglecting higher
order terms and nonlinear terms as was done in Ref. 6 can pos-
sibly throw out the first-order effects but retain the second-order
effects. Even if this were not the case, the assumption regarding
all nonlinear terms being negligible would be equivalent to spec-
ifying terms involving the geometric nonlinearity to be actually
negligibly small. Unfortunately, Hodges and Dowell6 did not pro-
vide any numerical results to show this method of approach was
justified.

2) Kaza and Kvaternik7 used the geometrically nonlinear ax-
ial strain-displacement relationship which was based on the large-
deformation theory to describe the kinetic energy of the rotating
beam; however, they used the linear bending-curvature relationship
derived by using the small-deflection theory for a beam to describe
the strain energy. If the geometric nonlinearity is considered, the
application of the small-deflection theory to the beam eventually be-
comes invalid. Furthermore, the linearization process included the
second-order effects but excluded the first-order effects. In addition,
the linear bending-curvature relationship becomes invalid because
it was actually derived by using the linear axial strain-displacement
relationship and the small-deflection theory instead of using the
nonlinear relationship and the large-deformation theory. Kaza and
Kvaternik7 also used Hamilton's principle to derive the governing
equations and then linearized these equations. The "foreshortening"
term which was defined as the integration of the geometrically non-
linear terms with respect to the axial coordinate of the beam was
added to the expression of the kinetic energy for the beam. Terms in
the kinetic-energy expression in Hamilton's principle actually cor-
respond to the acceleration terms in Newton's mechanics. Adding
geometrically nonlinear terms to the kinetic energy is equivalent
to including additional centripetal nonlinear acceleration due to the
geometric nonlinearity using Newton's mechanics. Since the cen-
tripetal acceleration is linearly proportional to the axial displace-
ment of the particle considered, this nonlinear acceleration actu-
ally cannot be obtained by using Newton's mechanics. Therefore,
Kaza and Kvaternik's nonlinear expression7 of the kinetic energy
can be questionable. Furthermore, the additional elongation due
to the geometric nonlinearity should be more significant in affect-
ing the strain energy than affecting the kinetic energy. In addition,
in the linearization process, conflicting assumptions involving or-
ders of magnitude of the nonlinear and the linear terms also were
invoked.

3) In Ref. 3, the virtual work done by the centrifugal tension in the
blade was included in the strain-energy expression. Unfortunately,
the expression of the radial elongation was also based on the same
arbitrarily sheared element as that shown in Fig. 9.2 of Ref. 3. This
expression of the radial displacement for determining the centrifu-
gal tension actually is not compatible with the expression of the
strain energy due to bending. Euler-Bernoulli's moment-curvature
relationship, which was used in the expression, became invalid if
the radial elongation was expressed as that used for determining the
centrifugal tension. Therefore, the energy method used in Ref. 3 has
the same problem as the application of Newton's mechanics to the
free body of an arbitrarily sheared element as shown in Fig. 9.2 of
the same reference.

In summary, all three methods assumed that the textbook equa-
tion [Eq. (1) of Hodges' Comment] was absolutely correct and tried
to use wrong expressions for strains and displacements to match
this equation. This equation was derived from application of the

small-deflection linear beam theory to an unreasonable free body;
however, methods discussed in items 1 and 2 even adopted a differ-
ent type of physical principle, namely, the large deformation the-
ory to match this erroneous equation. The linear analysis shown in
Refs. 1 and 2 might not be perfect, but at least this analysis is con-
sistent with the classical beam theory. Since the numerical results
obtained by using this linear analysis might not match the experi-
mental measurements, a better method which can be consistent with
the basic physics of rotating beams should, therefore, be researched
further.

Total Section Rotation Variable
Hodges indicated that kinematical boundary conditions at the

fixed end of Timoshenko beams used in Refs. 1 and 2 were in serious
error. This argument was based on their being different from those
derived by Shames and Dym.8 The analysis shown by Shames and
Dym8 considered the deflection function WQ to be independent of the
rotation parameter 0 = ^ + (div^/dx), whereas the approach used
in Refs. 1 and 2 treated the deflection function WQ to be independent
of the shear strain (—VO instead of the rotation parameter 6 =z
ty + (dwn/dx) because w0 and ty were defined as the transverse
displacement of the neutral axis and the shear rotation about this
axis, respectively. Even though governing equations obtained by
using these two different approaches appear to be defferent in form,
they can be manipulated to yield identical equations. Using the latter
approach in the variational analysis, one can obtain Sty = 0 and
8(dwQ/Qx) = 0 as two of the four kinematic boundary conditions
at the fixed end of the beam. Although the condition of identifying
the shear strain at the fixed end was written as ty = 0 instead of
Sty = 0, the shear strain at the fixed end was actually specified as
those shown in Eq. (69) of Ref. 1. In fact, the expression of ty = 0 is
only meant to specify the integration constant in Eq. (69) to be zero.
Regarding the same expression used in Ref. 2, it was never used in
the analysis because three governing equations were combined into
two by eliminating V from these equations. Therefore, the shear
parameter i/f was specified to be zero at the fixed end for simplicity.
Its actual value at the fixed end cannot easily be determined for a
vibration problem. I have to admit that the expression ty — 0 did
not reflect the actual condition at the clamped end and could be very
confusing to readers.

Regarding whether or not the deflection slope, dw^/dx, should
be zero at the fixed end, Timoshenko9 actually indicated that two
possible solutions could exist for a cantilever beam. One solution
was based on the assumption that the built-in cross section could
warp freely and the other was based on the assumption that the
built-in cross section was completely prevented from warping. Tim-
oshenko's solution9 for the case of allowing warping to occur at the
fixed end was not based on the requirement of satisfying the zero-
slope condition. Instead, he considered the deflection at the free
end of a cantilever beam subjected to a tip load to be the same as
the deflection at the center of a simply supported beam with twice
the length and twice the load being applied at the center. Since the
bending moment of a cantilever beam is in the opposite sense to
that of a simply supported beam and their shear forces are in the
same direction, the shear contribution to bending moments and de-
flections of these beams should be additive for the simply supported
beam and substractive for the cantilever beam. If Timoshenko9 had
taken this phenomenon into consideration, his result for the case of
allowing warping to occur would have been the same as the solution
obtained by specifying the deflection slope to be zero at the fixed
end. References 1 and 2 took the similar approach of allowing the
built-in cross section to warp by forcing the slope of the deflection
curve to be zero at the fixed end. If the deflection slope is specified
to be zero at the fixed end, the axial displacement at this end ex-
pressed in Eq. (16) of Ref. 1 will become u — — yi/f. This situation
is identical to allowing warping to occur at the fixed end. I admit that
it is physically more reasonable to prevent the built-in end to warp.
However, preventing warping completely at the fixed end also can
imply that the slope of the neutral axis has a sudden discontinuity
from being zero inside the built-in cross section to a nonzero value at
the fixed end of the beam. Therefore, it is also not entirely irrational
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to allow the built-in cross section to warp because the warping can
be considered the natural response of the beam to the end moment
for holding the neutral axis in the level position inside the built-in
cross section.

Axial Instability
Hodges' argument regarding the axial instability can also be ap-

plied to the transverse instability as well. As was discussed in Ref. 1,
the maximum stress in a rotating steel or aluminum beam normally
exceeds its yield strength at a rotating speed much lower than any
of the unstable rotating speeds for these two instabilities. Similar to
Brunelle's analysis,10 the discussion of inertioelastic instabilities in
Ref. 1 was intended only to show a mathematical prediction based
on the linear theory rather than to indicate instabilities that actually
exist in rotating metallic beams.

Dissipative Forces
Regarding whether or not the variational principle can be applied

to cases with nonconservative forces, Goldstein11 provided some
history of this subject. For a system with only dissipative forces and
no potential function, the Lagrangian was expressed by Goldstein11

as

L = T -U (1)

where U was called a "general potential" or a "velocity-dependent
potential" by Goldstein.11 According to Goldstein,11 the German
mathematician Schering seems to have been the first to seriously
attempt to include velocity-dependent forces in the framework of
mechanics in 1873. Goldstein11 suggested the name "generalized
potential" to include ordinary potential energy within this designa-
tion. The time integration of the virtual work expressed in Ref. 1
actually is a result of considering such a generalized potential in the
variational principle.

The dissipative forces considered in Ref. 1 were viscous damp-
ing forces in the structure. Terms involving £2 in Eq. (36) did not
appear in the governing equations, Eqs. (40-42). Since these gov-
erning equations were derived to include both the steady-state anal-
ysis and the vibration analysis, general expressions of the velocity
components of particles in the structure were used in Eq. (36) to
indicate the damping force is being related to the particle velocity.
To be more precise, for the case of describing vibration only, these
terms should have been left out in Eq. (36). However, excluding
them does not change the governing equations, Eqs. (40-42), shown
in Ref. 1.
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Comment on "Application of
Singular Value Decomposition

to Direct Matrix
Update Method"

Alex Herman*
Bloomfield, Connecticut 06002

IN a recent Technical Note by To,1 he investigated the mass ma-
trix correction method of Ref. 2. His conclusions may be briefly

summarized as follows: the matrix representing the change in the
mass will have a rank equal to the lower of the number of modes used
or the number of mass error sites. I find no fault with the analysis
as presented and I am, in fact, pleased with the results of this study.
1 believe, however, that I should comment on some common mis-
conceptions of the applicability of model updating methods which
are in this paper1 and in many others.

In studies of such techniques, as in Ref. 1, it is common to treat
the structure as a finite set of lumped masses connected by linear
springs. It is then possible to consider complete and incomplete
sets of measured modes. This concept was also implied by myself
in Ref. 2. When the method was applied to a real problem3 and
enhanced by other relevant techniques, such as, from Ref. 4, this
was found to be an inappropriate oversimplification. This and other
related considerations are discussed in some detail in Refs. 5 and 6.
A very brief summary of this important, but rarely acknowledged,
problem follows.

A real structure has essentially an infinite number of degrees of
freedom. A complete finite element representation of a linear real
structure must be nonlinear. For a real structure, there are an infinite
number of "good" linear models having a finite number of degrees
of freedom.6 Each of these models has a limited range of applica-
bility. Only a subset of the modes of the model will correspond to
modes of the structure. Thus, the concept that one needs "all" the
modes for a procedure to give the exact answer makes no sense
at all.

The "improved" mass matrix of Refs. 2 and 3 is not a "correct"
matrix. It is one of the many which will yield an analytical model
which will behave like the structure within the limited applicable
range. Since it also deviates by some minimum amount from a
"pretty good" analytically derived model, one may expect that it
also has some applicability over a somewhat wider range than the
test data. Further studies are required in this area.

To1 uses as his structure a finite system with a finite number of
modes. He demonstrates, that for this system, the method of Ref.
2 will work when using less than all the modes, if the number of
modes is at least equal to the number of mass error sites. Although
his conclusion is appropriate for the problem he presented, unfortu-
nately, it does not apply to the problem of improving an analytical
model of a physical structure.
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